The aim of the present paper is to analyze a realistic model of a quantum chaotic system: the spectrum and the eigenstates of the rare-earth atom of Ce. Using the relativistic con6guration-interaction method the spectra and the wave functions of odd and even levels of Ce with J = 4 are calculated. It is shown that the structure of the excited states at excitation energies above 1 eV becomes similar to that of the compound states in heavy nuclei. The wave functions of the excited states are chaotic superpositions of the simple basis states (with the number of "principal" components N 100), built of the 4f, 6s, 5d, and 6p single-electron orbitals. The localization of the eigenstates on the energy scale is characterized by the spread width I' ND, where D is the average level spacing (D 0.03 eV). The emergence of chaos in the spectrum and the dependence of the N and I parameters on the excitation energy are studied. The shape of the localization is shown to be Lorenzian around the maximum (principal components), whereas outside this region the squared components display a faster decrease, in agreement with the perturbation theory treatment of the band random matrix (BRM) model. The structure of the real interaction matrix is compared with that assumed in the BRM models. A formula expressing the mean-squared values of matrix elements between the eigenstates in terms of their parameters and single-particle occupancies is derived, and its applicability is checked with the results of numerical calculations. The hypothesis of a Gaussian distribution of the eigenstates' components and matrix elements between the eigenstates has been checked. The existence of the statistical (dynamical) enhancement of weak perturbations in systems with dense spectra is demonstrated. PACS number(s): 31.20.Tz, 31.50.+w, 05.45.+b 
I. INTRODUCTION
The aim of the present paper is to analyze a realistic model of quantum chaotic system: the spectrum and the eigenstates of the rare-earth atom of Ce. It is shown that the wave functions of the excited states are chaotic superpositions of basis states constructed of single-electron orbitals. %e investigate the localization properties of the states and the dependence of parameters characterizing the structure of the chaotic eigenstates on their energy. A preliminary account of the present work has been given in [1] . The use of the realistic numerically solvable model provides a test for the applicability of the statistical approach to the calculation of the matrix elements between the chaotic states. The numerical calculations also show that the admixture of the states of diferent symmetry due to a weak perturbation in the system with dense chaotic spectrum is enhanced with respect to this admixture in a system with a rare "regular" spectrum (statistical enhancement).
The results of the work can be extrapolated to other quantum systems: molecules, clusters, mesoscopic systems, and nuclei. A particularly intriguing question is the possibility of observing the statistical enhancement of the weak parity-nonconcerving interaction in chemical reactions, similar to that observed in nuclear reactions.
It is a well known fact that rare-earth atoms have very complicated spectra [2] . It originates from the open-shell configuration of their ground states and from the presence of several vacant electron orbitals in the immediate vicinity of the valence ones. Thus, if a large number of valence electrons n (in fact, n = 4, as in the Ce atom, can be well considered as "large" ) are distributed among those orbitals, it generates an exponentially large number of combinations, representing the basis of many-electron states of the system. Since these states have close energies, a dense spectr»m emerges in the system.
The states in this spectrum can be classified by the val- integer, and it is almost impossible to determine even the dominant nonrelativistic electron configuration for them. The situation described above makes the spectrum of excited states of the rare-earth atoms very similar to the spectra of compound nuclei [3] , though the compound states in nuclei are spread over a much greater number of principal components: N 10 - 10 . Their spectral properties were widely modeled using randommatrix theory and, in particular, the Gaussian orthogonal ensemble (GOE) (see, e.g. , the review [4] ). The GOE enables one to calculate the level spacing distribution (Wigner distribution) and to obtain other characteristics of energy-level Buctuations. The predictions of these models have been checked with numerous nuclei spectra and it seems natural that they also hold for the spectra of the rare-earth atoms. Indeed, the study of the nearest-neighbor level spacing distribution and some other Huctuation properties with the experimental spectra of Nd, Sm, and Tb (excitation energies of 2 -4 eV, D 0.03 eV) [5] showed good agreement with the predictions of the GOE.
Besides the statistical properties of the dense, chaotic energy spectrum, there is another and more important question: the structure of the corresponding eigenfunctions -compound states. This structure, and the number N of principal components in the first place, determines the magnitude of matrix elements between these states. As an impressive example of this one may consider parity-nonconserving phenomena in neutron-nucleus reactions, where the observed effect exceeds the naive single-particle estimate by orders of magnitude. To account for this the idea that the closely lying s and p resonances of the compound nucleus are mixed by the weak interaction has been put forward in [6] (see also [7] ).
If one supposes these states are constructed of about N principal components, which are mixed together in a random fashion, then the root-mean-square value of the matrix element between them is M oc 1/~N On the oth. er hand, the spacing between nearest neighbors in the spectrum is D I'/N, where I' is the so-called spread width of the single-particle component. Thus the admixture of the nearest state of opposite parity to a given one is M/D oc~N. This factor determines the so-called statisticat (or dynamical) enhancement of the weak interaction in the system.
To the best of our knowledge there has been only one paper [8] that examined statistical properties of the chaotic eigenstates of a rare-earth atom. In this work a sequence of 35 J = 4+ energy levels of Ce lying at energy of E = 2 -3 eV (D = 0.027eV) above the atomic ground state was considered. Statistically analyzing the contributions of the two leading configurations given in [2] , the author concluded that these levels were random superpositions of some few basic states and the number of these states was estimated at N 15 (see Appendix A).
In contrast to the scarce information on the structure of chaotic states in real systems, there exist a great number of works studying difFerent models, where properties of these states are investigated. The models include quantum kicked rotator (see, e.g. , a review [9] ) and ensembles of band random matrices (BRM's) ([10] is a comprehensive guide to the problem, from the pioneering work by Wigner [11] to the recent analytical results [12] These models enable one to investigate the conditions for the emergence of quantum chaos and to study the localization of eigenstates. This property implies that the perturbation mixes the basis states locally and the components of a given eigenstate rapidly (exponentially, as usually assumed) vanish as one moves away from the center of the eigenstate. The typical scale of this decrease is called the localization Length. This quantity is very similar to the number of principal components 1V, which makes the question of localization and the calculation of the localization length so relevant to the physical problems. However, there are only a few models which allow a deep analytical treatment, e. g. , that of BRM's without leading monotonically increasing diagonal [12] , and the requirement of the mathematical tractability usually contradicts to the reasonable physical requirements.
Thus the absence of the leading diagonal disagrees with the fact that basis states can always be ordered according to their energies, and it is basically the energies of the states which make the mixing of distant components small (perturbation theory limit). In addition, apart from the usual assumption of the BRM models that the matrix elements are certain random variables with zero expectation and fixed variance, the whole bandlike structure may be considered only as a rough approximation to the real Hamiltonian matrix.
The Hamiltonian matrix of a real complex system in the basis of single-particle states is infinite, bound from below, and unbound from above. It is mostly irregular, and its properties, such as the spectral density of the eigenstates, the mean squares of matrix elements, and the number of basis states strongly mixed by perturbation, etc. , are changing along the matrix (or with the excitation energy of states considered). Moreover, this matrix is unique. Hence one cannot perform any ensemble averaging, which is a key point of the random-matrix theories. The only possible averaging is that over the neighboring eigenstates. The question then is the following: to what extent do the properties of the chaotic eigenstates of this particular matrix agree with those commonly implied and used, e. g. , for the description of the nuclear compound states?
The study of rare-earth atoms provides the possibility to investigate quantum chaos in a real and rather simple system. The number of principal components mixed by the perturbation for excitation energies above 1 On the other hand, this study gives an insight into the structure of the excited states of the rare-earth atoms themselves. It yields better understanding of the manifestation of the correlation interaction and confirms the existence of the dynamical enchancement of the weak interaction in the spectra of rare-earth atoms [13] . The ionization threshold of Ce is 5.539 eV and the binding energies of 5p3y2 and 5pg(2 electrons are 22 and 25 eV, respectively [14] . Therefore One may understand the role of these effects from the comparison of the experimental and calculated spectra of the even levels [ Fig. 4(b) The investigation of the energy spectrum which Since the ratio of the occupancies of the fine structure sublevels j = l 6 2 is close to the statistical +& (see Fig.   8 ), the sums n"~--n"~~&~2 + n"~~+&~2 are presented for the 4f, 5d, and 6p orbitals.
It is clearly seen from Figs. 6 
&om (4. The latter quantity is the mean value of the occupancy times the "emptiness" for the chaotic state I2) averaged over a number of neighboring levels. Extracting it from behind the sum in Eq. (4.9) we obtain l~p 'I'=(n-(1 -np)) ):~(E, +~p.)~(E, ) .
(4.10)
Following the simple models provided in [3, 11] and in agreement with the results of Sec. III we assume that the strength function ui(E~;E, N, I. ') can be presented as (E;E,N, I') = N 'f(e), e =, f(0) = 1, E. -E I p. 'p'I' = ).~i (E~+~p )~2(E~) (j la. 'apapa-Ij) = )~i (E&+~p-)~2(E&)(jln-(1 -np)lj), (4.9) where the operator equality a apapa = -a a apap + at a = n (1 -np) (a P P) is used to express the ma- [19 -21] given that the Lorenzian approximation is used for C~. Based on a simple model [3] the Lorenzian approximation allows one to check that in the perturbation theory regime, when the transition between distant components is studied (~E& lEf l+~p~)) I'i 2, and I'i Fz is assumed), the answer is given by half of the sum of (4.17a) and (4.17b) [19, 21] . (4.21b) that are at any rate close to 1 when the number of singleelectron states available is much greater than the number of electrons involved.
B. Numerical calculations vs the statistical theoretical approach
In this section the results of the calculation of the matrix elements between the chaotic states are presented. The question behind these calculations, as well as behind the study of the chaotic states as a whole, is the existence of the dynamical enhancement of small perturbations in systems with chaotic spectra. Forestalling the calculations, we would like to claim that this enhancement is indeed observed in the spectrum of the Ce atom.
As an example of a small perturbation one may consider the parity-violating weak interaction or the interaction induced by the electron dipole moment, which violates both parity and time invariance (see, e. g., [22] Fig. 16(a) Fig. 18 . It shows the cross sections of the surfaces analogous to those in Fig. 16 The answer to the above question is not straightforward.
The energies of the single-electron transitions demonstrate rather strong dependence on the "environment" in which the transitions take place. In Table IV we present the single-electron transition energies estimated using the average configuration energies from Table I . Here we neglected the difference between the energies of different spin-orbital components j = l 6 -.
These energies are used for the calculation of the root-mean-squared matrix elements of the density matrix operator in the statistical approach.
a Gxed value of~"~~"~can be used, and the difference between the real energy of the single-electron transition and the fixed value of u"~~"z should not manifest too strongly. The values chosen for the calculation of Table   IV .
Returning to the results in Fig. 18 one may notice that in a number of cases the matrix elements obtained via the statistical approach reproduce quite subtle features of the curves from the CI calculations. This is conclusive proof of the validity of the statistical approach to the calculation of the mean-squared matrix element between chaotic states. There is also a reasonable overall agreement between the two ways of calculation: Eq. (4.2la) and Eq. (4.2lb). There are also indications that a linear combination of the two formulas might often yield the best result (see the check of the perturbation theory limit in [21] ).
If one assumes a stronger localization than that given by the Lorenzian shape of m(E~;E, N, I'), the . dependence of h(I'i, I'2, 4) on energy b. becomes more abrupt [Eq. (4.18) ]. This is demonstrated in Figs. 18(a) and 18(b) for the squared Lorenzian approximation for m(E~; E, N, I').
The average slope of the corresponding curves seems slightly closer to that of the CI calculated ones. Nevertheless, as the true behavior of the distant components is different &om both the Lorenzian and the squared Lorenzian shapes of m(E~", E, N, I') (Appendix D), this question needs a more careful investigation. This would also require a consideration of transitions between the chaotic states lying further apart on the energy scale, so that large 4 could be probed.
V. DYNAMICAL ENCHANCEMENT OF SMALL PER1URBATIONS
In systems with dense spectra and chaotic eigenstates the Fig. 19 . [8] questionable.
First, it was essential for the analysis of [8] that an assumption of the maximal quantum chaos was adopted. Second, the key point of the numerical analysis of [8] was an expression for the mean maximal square mq of N independent Gaussian variables x~a nd that for the second largest square (m2) as well. We argue that for large N the correct asymptotic formulas for mq 2 are mq 2 x2 lnN and m2 2 x2 (lnN -1), which differ from those used in [8] by a factor of 2. The proof is given below. Here the first item 21nN in the right hand side is the leading one. Hence it can be used for y in the third item. Calculating the integral fz ydu and using [23] [E, -E;[ » b'~'V.
In Fig. 20 
